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Abstract: To determine axes line of pipe or structural building which has a round normal section is recurrent in 
actual building works. The verticality measurement of chimney , TV tower and the deflection measurement of 
pipe are important to find out the deviation from design in construction, installation and completion. This pa-
per discussed the measurement technique and data processing method for axes line of round normal section 
based on reflectorless distance measure. Simulation and practical results showed its feasibility and high effi-
c1ency. 
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1 Introduction 
Round pipe does not only have artistic appearance , but 
also can evenly bear the internal or external radial 
pressure , therefore buildings or steel structure compo-
nents with round normal sections are normally used in 
construction. 
Compared with other building materials , steel struc-
ture has many advantages such as lighter weight , better 
plasticity and toughness , homogeneous and isotropic 
body, which are easy for manufacture , transportation 
and installation. The circular steel pipe is one of the 
main components of steel structure. A geometry test is 
needed after the installation of the circular steel pipe 
components , which aims at examining whether the in-
stalled axes meet the demand of design or not. As the 
axes or the axis points of the circular steel pipe compo-
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nents are incorporeal , they can ' t be measured direcdy. 
It is difficult to aim at the pipe edge to determine the 
section center by method of forward intersection with a 
theodolite[ 1•2l. An alternative approach is introduced 
in reference [ 3] by drawing a normal section line in 
the cylindrical pipe and measuring prisms set in 4 -5 
points on the line to fit the center coordinate. In meas-
uring the deflection , a markerline parallel to the axis is 
drew on the cylindrical pipe, and then prisms or level-
ing rods are set along the markerline to measure their 
relative elevation by using geometric leveling or trigo-
nometric leveling[ •.sl. However, the targets shonld be 
installed manually for these methods , which is danger-
ous. In some cases , these artificial targets even cannot 
be installed. Therefore , making the best use of new 
technologies and data processing methods to solve the 
problems of determining axes of pipes is of great impor-
tance to the project quality and safety control. 
2 The theory of determining the axis 
of a pipe 
2. 1 The method 
The axis of a pipe can be calculated by points with 3D 
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coordinates on the axis of the pipe. Therefore, the key 
point is to precisely and correctly detennine these 
points on the axis. 
The position of a pipe is arbitrary in the 3D space, 
and the surveying processes may be different due to dif-
ferent positions. First of all, here are two definitions of 
pipe positions ( Fig. 1 ) : vertical position, when the 
angle between the axis and the vertical plane is above 
45 o ; horizontal position , when the angle between the 
axis and the horizontal plane is less than 45 °. 
There is a distinct feature for the circular pipe com-
ponent, that the cross section is an ellipse when it ob-
liquely intersects with a plane ; a circle when it orthog-
onally intersects with a plane. According to this fea-
ture, a plane can be created by using some operation 
methods , and all the scanned points on the pipe sur-
face will be on the same ellipse. Then the center, the 
length of major and minor axes of the ellipse can be 
calculated through these points on the ellipse. Without 
considering any errors , the center of the ellipse should 
be at the axis of the pipe , and the length of the minor 
axis is the radius of the pipe. The axis of the pipe can 
be composed by the center points of arbitrary number of 
ellipses with different positions. Some tests can be 
made to compare the installation position with the de-
signed position, or the axes at different situations for 
deformation and deflection calculation. 
2. 2 Basis of data processing 
Mter measuring the discrete points on ellipse ( circu-
lar) line , there are two kinds of mathematical methods 
to calculate the center point and radius of ellipse : 
methods based on algebraic distance and geometric dis-
tance. Take the ellipse curve in plane coordinate sys-
tem o - xy of figure 2 as an example. 
1 ) The method based on algebraic distance 
(a) Vertical position {b) Ho.r:i.zontal position 
Figure 1 Section between cylinder and plane 
Y£ 
Figure 2 Parameters of ellipse 
General quadratic curve equation is : 
Ax' +2Bxy + Cy2 +2Dx +2Ey +F =0 ( 1) 
There are 5 independent parameters in equation 
(l). In the case of ellipse or circle ,A ;"0. Therefore, 
after eliminating A , the equation can be expressed as 
follows: 
x
2 +2bxy +cy2 +2dx +2ey +J=O (2) 
There are 5 independent parameters m equation 
(2), equivalent to the center of ellipse (x0 ,y0 ), ma-
jor axis a0 , minor axis b0 , and direction of major axis 
( Fig. 2) , respectively. When a0 = b0 ( or c = 1 ) , it is 
a circle. 
H n points Pi(x;,,yJ ,i = 1 ,2, ... ,n is measured in 
the ellipse curve, the algebraic distance is[6 ] : 
v, =2by, +cr: +2dx, +2ey, +f +x; (3) 
• 2 
According to the principle of E = .~vi = mm, a 
group of linear equations can be acquired, and 5 pa-
rameters T = [ b, c, d, e ,/] T and variance-covariance 
:E TT of equation ( 3) can be resolved. 
The relationship between the 5 parameters and el-
lipse parameters is as follows : 





The major axis a 0 , minor axis b0 , and direction of 
major axis a are: 
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In equation ( 5 ) : 
1 b d 
D = b c e , {) = c - b2 , 
d e f 
A =_!_[1 +c -</(1 -c) 2 +4b2 ], 2 
C=; [1 +c+ </(1-c) 2 +4b2 ] 
Since we are more interested in the results of ellipse 
center and precision, we solve equation ( 4) by total 
differential : 
ab 
[dx'] [a1 A, A, A, 0 l ac 
dy0 = B1 B2 B3 B4 0 
ad =FdT (6) 
ae 
af 
In equation ( 6) , let H = ( c - b2 ) 2 , the specific ex-
pression of each parameter is : 
A1 = (ce +b2e -2bcd)IH, A2 = (b2d -be)IH, 
A,= (b2c -c2 )/H, A,= (be -b3 )/H 
B1 = (cd +b2 d -2be)IH, B, = (e -bd)IH, 
B3 =(be -b')IH, B4 = (b2 -c) 





In equation ( 7 ) diagonal elements u,.. , u" are used 
to determine the precision of ellipse' s center. 
2) The method based on geometric distance 
Define geometric distance as the shortest distance 
from measuring point to ellipse. Since the method takes 
into account the fact that observed values are random, 
it is more reasonable and more precise, though it needs 
iterative calculation. 
In figure 2 , Pi is a measuring point, P; is the per-
pendicular foot of Pi to ellipse, and let the coordinate 
vector of Pi be x; the coordinate vector of P; be x' , 
then di =X' -X. For n measuring points, the principle 
of minimum geometric distance is calculating ellipse 
parameters C = (x0 ,y0 , a0 , b0 , a) T under E = i~ J: = 
(x' -x)T(x' -x) =min, which means: :~=2(x' 
ax' 
-x)T(-) =2(x' -x)T J=O,so we can obtain the ac 
linear equations as follows : 
JI .. , .. ,.<!C=x' I, -x 
C,, 1 =C,+.<!C 
(8) 
J is Jacobian matrix, the expression can be found in 
reference [ 7 ] . 
Equation ( 8 ) is a linearized result of nonlinear e-
quation, which needs iterative calculation. Given 5 ap-
proximation of ellipse parameters , the iteration can 
start. The specific steps are : 
Step 1 : According to the vertical conditions and el-
lipse equation, each pe1pendicular foot P; of measured 
point P, on ellipse can be calculated. 
Step 2: Calculate each Jacobian matrix of P; in e-
quation ( 8) , get update ellipse parameters 
Step 3 : Go to step 1 , until ellipse parameter incre-
ment .<!C is less than the given threshold. 
2. 3 The method of obtaining ellipse points 
Before measuring, we need to detennine the coordinate 
system o-xyz first ( at least 3 common points should he 
measured for converting to a specified coordinate sys-
tem , and deploy a unified control network when neces-
sary). Mter centering, leveling and orienting the in-
strument, the telescope rotation surl'ace can be regar-
ded as a plane. The cross-section of this plane and the 
horizontal pipe is an ellipse. Gently rotate the vertical 
fretting screw to measure points on pipe surlace , which 
are discrete points of an ellipse. For vertical pipe, a-
dopting the above mode will inevitably lead to large el-
lipticity of ellipse , which is not convenient for measur-
ing and data processing. Therefore, we assume a hori-
zontal surlace , intersecting with round pipe , whose 
cross-section is an ellipse ( tilt circular pipe) or circle 
(vertical circnlar pipe). Gently rotate the vertical fret-
ting screw and horizontal fretting screw at the same 
time during operation, record measuring points with 
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same height, and these points are on the intersecting 
line of horizontal surface and circulax pipe. 
After obtaining n measuring points (xi, Yi , zi) in a 
group of ellipse lines , we calculated the center and ra-
dius of the ellipse. 
1 ) As with the intersection line of horizontal pipe, 
the first thing which needs to he done is coordinate 
transformation ( shown in Fig. 3 ) . Suppose the plane 
coordinate azimuth of one section is Li, a point {xi ,yi, 
z, ) rotates for Li around axis z clockwise , then its coor-
dinates change into ( x; , y; , z; ) , which lie in the 
plane of o -zy' ; the center of ellipse (y~ ,z~) can he 
computed by using ( y; , z; ) in o - zy' plane and x~ = 
1 n ' ' ' ' 
-Lx,, finally we transformed the point (x0 ,y0 ,z0 ) n i=l 
back to the system o - XYZ, hence get the coordinates 
of ecllipse center O(x0 ,y0 ,z0 ). 
2) Aa with the intersection line of vertical pipe, the 
center of ellipse ( x0 , y0 ) can he computed by using 
(xHyi) in o -xy plane. Since z0 =_!__±zi,we can get n i=l 
the coordinates of ellipse center o(x0 ,y0 ,z0 ) in o -xyz. 
3 Discussion on elliptic measurement 
range 
In practice, it is impossible to measure the entire el-
lipse line , but only a part of it. According to the test, 
for one measurement station, the effective measurement 
range of elliptical lines is about 0. 3 - 0. 4 of circumfer-
ence of ellipse ; for two stations , the effective measure-
ment range is 0. 5 -0. 7 of circumference of ellipse, as 
is shown in figure 4. So, it is essential to figure out the 
range of ellipse line which shonld be measured to meet 
the practical requirements. To solve this problem, we 
made the following simulation. 
Figure 3 Rotation to ellipse plane 
Figure 4 The actual measured range 
3. 1 Different scheme and its results 
At present, total station with reflectorless distance can 
be measured at a range of hundred meters. On condi-
tion of ignoring the proportion error and supposing the 
cylinder surface is flat, ranging precision can be better 
than ± 3 mm , and angulation accuracy is ± 1 - 2" . 
Assuming S = 60 m, horizontal angle H = 60°, vertical 
angle V= 60°, Ms= ±3 mm and MH = M, = ±2", 
the precision of three-dimensional coordinate calculated 
by the principle of polar coordinate is Mx = 
±0.8 mm,My= ±1.4 mm, Mz= ±2.6 mm. There-
fore, taking the influence of other factors into account, 
the simulated measuring point coordinate precision is 
±2 mm, that is Mx =My =Mz = ±2 mm. 
The positioning change of total station and cylinder 
will result in different ellipticity of ellipses. The cylin-
der is generally placed above the instrument. There-
fore, on the basis of actual situation , we simulated an 
experiment in two calibers with certain possible ellipse 
line measurement range ( shown in Tab. 1 ) . In table 
1 , the black spots are actual measurement range , L re-
fers to the circumference of ellipse , and the distance 
between measured points is 2 em. 
Since the calcnlation of ellipse is conducted in the 
plane , the plane coordinate system is selected for the 
simulation. On the basis of the actual situation, we 
choose two calibers ( 0. 6 m and 0. 3 m) and two el-
lipse oblateness ( 0. 3 and 0. 6). Adding ± 2 mm ran-
dom error to the simnlated coordinate , the difference 
heween designed ellipse center coordinate and the co-
ordinate calculated by applying the described two 
methods are listed in table 2 and table 3. 
3. 2 Conclusions 
According to the simulation results , we can conclude 
that: 
1) For one station, the larger the cylinder diameter, 
the higher the accuracy of the calculation of elliptic 
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center. The main reason is that, with the same meas-
urement error and the same point interval, bigger cyl-
inder diameter will generate higher signal-to-noise ratio 
and thus more available measurement points will im-
prove the precision. 
2) For one station, the oblateness would influence 
the precision of the result, and so is the position of the 
station ( low direction, side direction or slant) . In prac-
tical work , if conditions pennit, instruments should be 
placed under the pipes and the sight should be kept 
perpendicular to the surface of pipe. 
3 ) If high precision of the central point is re-
quired , at least two stations should be adopted to 
guarantee that more than half of the ellipse line can 
be measured. When the measurement range reaches 
half of the ellipse, the precision of the two methods 
is equal, but algebraic distance calculation is much 
easier. 
4 ) In a preferable condition , the precision of one 
station can be better than ± 2 em by adopting high 
precision total station to locate center coordinates , 
and the precision of two stations can be 
± ( 1 -5) mm. 
5) The geometric distance method is superior to al-
gebraic distance method under the same condition. 
4 The analysis of actual application 
Test 1: As is shown in figure 5, a plastic pipe(2. 5 m 
in length and 0. 4 m in diam) is set on a tahle with its 
center of both ends marked. The coordinate of central 
points in both ends 1 and 2 are measured with a theod-
olite. With their coordinate ( x" y1 , z1 ) and ( x,, y2 , 
z2 ) , the axis is formed by : 
Table 1 Simulated measurement range 
Instrument Side Bottom Slant Side Low Slant position direction direction direction direction 
0.3 L 0.4 L 0.4 L 0.5 L 0.5 L 0.5 L 
Measurement y~ y -·--.... y~ y'(J) Y, \i1 ----;--,, ' / T -,, (:_) ( .. range ' i( d . '·' \ ' : ) : ·· ... ...;. ... / ~ : to : :\ ~) ~.... '" 
0 X 0 X 0 X 0 --------------------•x 0 X X 0 •x 
Table2 Deviation of ellipse center ( x0 ,y,) base on algebraic distance under different scheme( unit: mm) 
Minor axis Ellipse Side Bottom Slant Side Low Slant leogth direction direction direction 
(m) oblateness 0.3 L 0.4 L 0.4 L 0.5 L 0.5 L 0.5 L 
e =0. 3 2. 9,0. I 0.4,0.8 2. 3,0. 9 0.6,0. I 0.1,0.2 0.4,0.2 
b =0. 6 
e =0. 6 4.3,0.2 0.2,1.5 4. 6,0. 8 1.2,0.1 0. I ,0. 3 0.4,0.2 
e =0. 3 3.6,0.2 0.6,1.5 3.6,2.9 0.6,0. I 0. I ,0. I 0.4,0.1 
b =0. 3 
e =0.6 4.5,0.2 0.5,2.6 5.5,3.0 1.1 ,0. I 0.1,0.2 0.4,0.2 
Table 3 Deviation of ellipse center (x, ,y,) base on geometric distance under different scheme( unit: mm) 
Minor axis Ellipse Side Bottom Slant Side Low Slant length direction direction direction 
(m) oblateness 0.3 L 0.4 L 0.4 L 0.5 L 0.5 L 0.5 L 
e =0. 3 
b =0. 6 
I. 5 ,0. I 0.3,0.8 2.5,1.4 0.6,0. I 0. I ,0. I 0. 3,0.1 
e =0. 6 3.0,0.2 0.2,1.3 2.4,0.5 I. I ,0. I 0. I ,0. 3 0. 3,0.1 
e =0. 3 2.0,0.2 0.5,1.0 2.6,1.4 0. 5 ,0. I 0. I ,0. I 0. 3,0.1 
b =0. 3 
e =0.6 4.0,0.2 0.5,2.0 2.4,0.9 1.0,0.1 0.1,0.2 0. 3,0.1 
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Figure 5 Scheme of indoor test 
x-x1 =y-y1 =z-z1 
x2 -x, Y2 -y, z2 -z, 
(9) 
Then the center coordinate ( x~ , y~ , z~ ) , i = 1 , 2 , 3 , 
4 , in four sections , which are evenly chose in the 
pipe , are obtained by two stations. The precision is e-
valuated by calculating the distance between the central 
points and axis with : 
i j k 
x2 -x1 Yz -y, z2 -z1 
d= 0 0 0 
xi -xi Yi -yi zi -zi 
y'(x2 -x,)2 + (y2 -y,)2 + (z2 -z,)2 
i = 1 ,2,3 ,4 ( 10) 
The distance of 4 points to axis is shown in table 4. 
The measurement range for two stations reach 80% 
and the deviation is around 1 mm. This indicates that, 
if the measurement range for two stations is long e-
nough, high precision can be achieved. 
Test 2: In order to measure the deflection of a circu-
lar steel pipe ( 600 mm diameter ) in a stadium, the 
elevation and spacing of 5 marked points are meas-
ured, as shown in figure 6. Trigonometric leveling 
method and center calculation method are applied with 
LEICA 1201 ( 1", ± (2 mm + 2 ppm)). In trigono-
metric leveling , prisms are placed at five marked 
points , and measurements are conducted by face left 
and face right to calculate their mean coordinate. 
Table 4 Distance from 4 central points to 
uis( unit:mm) 
Position Section 1 Section 2 Section 3 Section 4 
Distance 0. 8 1. 1 1. 2 0. 9 
When adopting the center calculating method, an arbi-
trary coordinate system is selected , and the total station 
is set below the circular pipe, measuring 5 sections and 
calculating the center coordinate. The horizontal dis-
tance between two points can be obtained by calculat-
ing the coordinate of the two points. Assuming the ele-
vation value of the endpoint 1 is 0 , the other 4 eleva-
tion can be obtained. The results by the two methods 
are listed in table 5 . 
In trigonometric leveling , the total station and the 
prism pole remain fixed and still , so instrument 
height error and prism height error can be ignored. 
The altitude difference of instrument center and 
prism center is : 
J.h =Ssir¢3 ( 11) 
S is slope distance, {3 is zenith distance. The height 
accuracy IS : 
Compared with point 1 , the height accuracy of other 4 
points is~· 
Applying the average values {3 = 45 ° , S = 30 m, mfJ 
= 2", m, = ± 3 mm, the height accuracy of each point 
Figure 6 Measurement points for deflection 
Table 5 Result of elevation( unit: m) 
Trigonometric leveling Center calculation 
method method 
Point 
Distance to Elevation Distance to Elevation point 1 point 1 
1 0 0 0 0 
2 10.834 -0.189 10.814 -0.181 
3 21.654 -0.282 21.640 -0.279 
4 32.501 -0. 176 32.531 -0.188 
5 43.366 0. 016 43.374 0.003 
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is ± 3 mm after naturalized. 
From table 5 we can get that: in reference with trig-
onometric leveling method , the maximum difference of 
the results between the two methods is less than 1 em. 
This demonstrates that , under appropriate external 
measurement conditions , center calculation method can 
achieve high precision. 
5 Conclusions 
the instruments. This will help in evaluating the possi-
ble precision and ascertaining the number nf observa-
tion stations in a section for implementation. 
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